
Dynamis of Star Clusters and the Milky WayASP Conferene Series, Vol. 000, 2000S. Deiters, B. Fuhs, A. Just, R. Spurzem, and R. Wielen, eds.Expanding shells: instability with non-linear termsRihard W�unsh, Jan Palou�sAstronomial Institute, Aademy of Sienes of the Czeh Republi ,Bo�n�� II 1401, 141 31 Praha 4, Czeh RepubliAbstrat. A model of the thin shell expanding into a uniform ambientmedium is developed. Density perturbations are desribed using equa-tions with linear and quadrati terms and the linear and the nonlinearsolutions are ompared. The interation of modes on the shell surfae isdisussed de�ning the time when the fragments are formed.1. IntrodutionThe inuene of non-linear terms to the fragmentation of expanding HI shells isdisussed extending the linear analysis performed by Elmegreen (1994). We usethe similar approah adopted by Fuhs (1996) who desribed the fragmentationof uniformly rotating self-gravitating disks. If some onditions are ful�lled, theexpanding shell may beome gravitationally unstable and break to fragments.Inlusion of higher order terms helps to determine when is the shell fragmentedwith better auray than the linear analysis the time.2. Model usedWe onsider the old and thin shell of radius R surrounding the hot interior andexpanding with veloity V into a uniform medium of density �0. The intrinsisurfae density of the shell � is omposed of unperturbed part �0 plus theperturbation �1 (� = �0 +�1). Perturbation �1 results from the ows on thesurfae of the shell redistributing the aumulated mass.We onsider angular oordinates ~� = ~x=R and angular veloity ~
 = ~v=Rto desribe the surfae of the shell. Hydrodynamial equations are���t + 2�VR +�Rr � ~
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�0� = �2�r��r� (2)where  is onstant isothermal sound speed, � is gravitational potential of theshell. The seond term in the ontinuity equation and the third and fourthterms in the equation of motion omes from strething of the region and fromthe aretion of mass. The Poisson equation is:�� = 4�G�Æ(z) ; (3)1



2 W�unsh & Palou�swhere z is a spae oordinate perpendiular to the shell surfae.The perturbation of the surfae density �1 and of the gravitational poten-tial �1 (� = �0 + �1) are inserted to these equations and they are Fouriertransformed with respet to spatial oordinates. In this way we get the set ofequations whih desribe the evolution of the density and of the veloity �eldon the surfae of the shell.3. Linear solutionThe linearized version of equations (1)-(3) gives for the most unstable mode thesolution also desribed by Elmegreen (1994):!(1;2)~�;max = i3VR �s�V 2R2 � �2G2�202 (4)where !(1;2)�;max is the maximum perturbation growth rate (perturbations of densityevolve as � ei!�t). The �max is a dimensionless wavenumber of the most unstablemode of perturbations. If !(1;2)~� have got a real part, solution is stable withdereasing osillations. If not, !(1)~� indiates derease, !(2)~� an be imaginarynegative and it has meaning of the growth of perturbations, i. e. shell is unstable.If the shell is unstable, for the ertain time, the shell may break to fragments.In Ehlerov�a et al. (1997) the fragmentation integral is de�ned as:Ifrag(t) � Z ttb !(2)�;max(t0)dt0 ; (5)where tb is the time when the instability begins. The fragmentation time tf (thetime when the shell is deomposed to fragments) is de�ned as the time whenthe fragmentation integral is equal to one:Ifrag(tf ) = Z tftb !(2)�;max(t0)dt0 = 1 : (6)4. Non-linear analysisThe equations with nonlinear terms are solved by the similar proedure asadopted by Fuhs (1996). We get the set of three ordinary di�erential equationsof the �rst order desribing the evolution of the shell surfae density as wellas the evolution of the veloity �eld on the shell surfae. The nonlinear termsdesribe the interation of the three most unstable modes with wavevetors (ofthe value �max) inlined at an angle 60o.The evolution of the maximum perturbation of the surfae density is shownin the left panel of Fig (1). The evolution of �1 an be used to de�ne thefragmentation time of the shell. At advaned stages of the fragmentation thevalue of the maximum perturbation rises steeply with the time and at some timethe value of �1 reahes �0. Consequently we de�ne the fragmentation time tfragas the time when �1(tfrag) = �0(tfrag).
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Figure 1. Left panel: The time evolution of �0 and �1. Right panel:Dependene of tfrag on a value of the initial perturbation of the surfaedensity. The solid line gives the time de�ned by the fragmentationintegral (6).In the right panel of Fig (1) the dependene of tfrag obtained from thesolution of the non-linear equations on the value of the initial perturbation isshown. tfrag may be ompared to the fragmentation time tf obtained from thelinear analysis de�ned with the fragmentation integral (6).5. ConlusionsAn interation of three modes of the type disussed by Fuhs (1996) ours onthe shell surfae. The time when fragments form depends on initial onditions.If the initial perturbation of surfae density is of the order � 1019 � 1020 m�2,whih is a typial value of inhomogeneities in the ISM, the average value offragmentation time tfrag is approximately of the same value as the time tf whenthe fragmentation integral (6) is equal to 1, with a spread of �10Myr dependingon the value of the initial perturbation.Aknowledgments. We would like to thank Burkhard Fuhs. This workwas inspired by his paper on the fragmentation of uniformly rotating disks(Fuhs, 1996). We are also greatful for an enlighting disussions with B. Fuhsin April 1998 and in Marh 2000 at Star 2000 onferene in Heidelberg. Theauthors greatfully aknowledge �nanial support by the Grant Ageny of theAademy of Sienes of the Czeh Republi under the grant No. A 300305/1997and support by the grant projet of the Aademy of Sienes of the Czeh Re-publi No. K1-003-601/4.ReferenesEhlerov�a, S., Palou�s, J., Theis, Ch., Hensler, G. 1997, A&A, 328, 121Elmegreen, B. G. 1994, ApJ, 427, 384Fuhs, B. 1996, MNRAS, 278, 985


